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Abstract 
Bound states in the continuum (BICs), a concept from quantum mechanics, are ubiquitous physical 
phenomena where waves will be completely locked inside physical systems without energy leaky. 
Such a physical phenomenon in optics will provide a platform for optical mode confinement to 
strengthen local field enhancement in nonlinear optics. Here we utilize an optical system consisting 
of asymmetric nanogratings and waveguide of thin film lithium niobate (LiNbO3) material to 
enhance second harmonic response near BICs. By breaking the symmetry of grating periodicity, we 
realize strong local field confined inside waveguide up to 25 times normalized to incident field (with 
dissymmetric factor  of 0.2), allowing strong light-matter interaction in nonlinear material. From 
the numerical simulation, we theoretically demonstrate that such an optical system can greatly 
enhance second harmonic intensity enhancement of 104 compared with undersigned LiNbO3 
film and conversion efficiency reaching 1.5310-5 at =0.2 under illumination of 1.33 GW/cm2. 
Surprisingly, we can predict that a giant enhancement of second harmonic conversion efficiency 
will exceed 8.1310-5 at =0.1 when the optical system is extremely close to BICs. We believe that 
such an optical system to trap local field inside is also accessible to promote the application of thin 
film lithium niobate in the field of integrated nonlinear optics.      
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Introduction 
Bound states in the continuum (BICs) are ubiquitous physical phenomena, which were originally 
proposed in hypothetical quantum system by Neumann and Wigner [1–3]. Although BICs were first 
introduced in quantum mechanics [4], it is a general wave phenomenon that has been found in 
many physical systems, such as electromagnetic, acoustic, water and elastic waves and has been 
observed in many optical systems, including optical gratings [5], optical waveguide [6,7], photonic 
crystal [8] and metasurfaces [4]. Spectrally, BICs are the points where two resonant waves interfere, 
leaving one resonance with the quality factor (Q-factor) diverging to infinity. By themselves, the 
BICs are localized solutions decoupled from any external wave’s incident on the system. However, 
even for the slightest off-set from the BICs in the momentum space transformations, the high-Q 
resonant modes with unlimited Q-factors with lossless materials can be configured in the optical 
systems [8,9]. In this aspect, a related point is the maximal achieved field confinement near the 
BICs, which is called quasi-embedded bond-state resonance configuration occurring between 
highly leaky and completely trapped mode conditions [10,11]. To observe the appearance of 
ultrahigh-Q resonances in lossless optical systems, one way is to break the symmetry of optical 
system to realize extremely narrow resonance, also called trapped modes [4,12]. The excitation of 
the strong trapped mode results in strong field enhancement in optical systems is a dominant 
feature of light-matter interaction. 
  Second harmonic generation(SHG) is an essential technology, doubling the frequency of light by 
interaction with nonlinear material[13], which enjoys widespread applications such as holographic 
imaging[14], human face and QR code recognitions[15] and harmonic optical tomography[16], etc. 
However, since the nonlinear optical response is intrinsically weak, enhancing light-matter 
interaction with different techniques such as trapping mode inside nanostructures via bound state 
in the continuum. Among nonlinear materials, lithium niobate (LN) is an excellent choice for 
nonlinearly light generation due to its large second-order susceptibility (d3327pm/V)[17]. 
Theoretically, the second-order nonlinear polarization can be described by
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2(2) (2)2 ( , ) ( )loc    P E . Following this equation, it is very clear that the SHG signals are 
determined by the local-field intensity at fundamental frequency. As a result, enormous efforts 
have been poured into boosting the field enhancement, for example optical anapole mode in 
LiNbO3 nanodisk[18,19] or Fano resonance in couple systems[20]. In this sense, bound state in the 
continuum contributing to strong light-matter interaction provides a platform for generating 
second harmonic waves. 
   In this paper, we enhance SHG response with an optical system consisting of a symmetry-
breaking nanogratings and waveguide of x-cut thin film LiNbO3 material lying on silica substrate. 
We demonstrate that such optical system can exhibit an ultrahigh quality factor greater than 104 
near the BIC with strong local field enhancement, regardless of the low refractive index (2.2 in 
visible range) of LiNbO3 material. The TE-polarized light wave, parallel with crystal axis of LiNbO3 
material, i.e., z-direction in Cartesian coordinate in Fig1(a), is oblique incident on the LN optical 
grating (LNOG) to realize the grating-induced diffractive mode coupling with the waveguide mode 
to excite the discrete guided resonances modes inside the waveguide. These discrete dark modes 
are BICs with an infinite Q factor. Near the BICs, the resonance modes have ultranarrow resonance 
widths (i.e., ultrahigh Q factor), which is called quasi-BICs. Subsequently, giant optical field 
enhancement can be obtained at the quasi-BICs and it can greatly strengthen the light-matter 
interaction. As an example of application, we utilize lithium niobate grating-waveguide (LNGW) to 
enhance SHG response of LN near the quasi-BICs. Compared with undersigned thin film LiNbO3, 
this optical system demonstrates an enhancement factor of104 and conversion efficiency of 
1.5310-5 (=0.2) near ultraviolet region under the illumination of visible-regime pumping light. 
Based on our numerical simulation results, a giant enhancement of the SHG conversion efficiency 
exceeding 8.1310-5 at =0.1 will be achieved when extremely close to BICs. 
  This paper is organized as follows: in Sec. II, the physical mechanic of BICs in the LNGW optical 
system is discussed detailed. In Sec. III, we utilize the ultrahigh Q factor (i.e., giant field 
enhancement) at quasi-BICs to achieve strong SHG response. Finally, we conclude our findings and 
show that the optical system can be utilized in nonlinear optical wave generation in Sec. IV 
II. BICs in LN Waveguide-Grating Optical System 
 
Fig.1. Optical characteristics of the LNWG optical systems. (a) Schematic illustration of LN 
waveguide-grating optical system, consisting of LiNbO3 waveguide (360nm in thickness) and 
asymmetric gratings (290nm in thickness). The dissymmetric factor is defined as = 
(1/1+1/2)/, varying from -1 to 1. (b) Harmonic mode frequency for LN waveguide (ne=2.2). 
Orange lines correspond to modes that are localized in the LN waveguide. The shaded blue region 
is a continuum states that extend into both SiO2 substrate and air around it. The pink lines 
represent the diffraction dispersion states of LN nanograting. Here the first evanescent order is 
taken into consideration. (c) Numerical calculation of reflection spectra with dissymmetric factor 
diverse from -1 to 1. It sees that the spectra will disrupt at wavelengths of approximately 690nm 
and 820nm when  is zero. This case is called BICs. (d) Transmission spectra with various  in 
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visible regime from 670 nm to 720 nm. (e) Mode-coupling analysis between gratings and 
waveguide, marked by red spheres and olive spheres, respectively. BICs occurs when two modes 
satisfy phase matching condition   
 
In this section, theoretical and numerical calculation is utilized to go deep into the striking physical 
phenomenon of BICs. We start with an optical system consisting of 360 nm-thick LiNbO3 waveguide 
and an asymmetric LiNbO3 grating with 290 nm in thickness and 400 nm in grating periodicity 
placed on SiO2 substrate in free space, illuminated oblique with z-polarized (TE-polarized) plane 
wave as illustrated in Fig.1 (a). The extraordinary refractive index (ne2.2 at 690 nm) will be taken 
into consideration in this paper. For the sake of simplicity, we utilize Helmholtz equation to 
calculate the dispersion diagrams of the TE-polarized mode inside LiNbO3 waveguide as follow: 
2
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Here n is the refractive index of LN; k0 is the incident wavevector;  is propagation constant. By 
considering the boundary condition of LN waveguide, we can further obtain the solution of Eq.1 
the Eigen mode equation: 
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Here 0 is phase constant; m=0, 1, 2, corresponds to TE0, TE1, TE2 mode, respectively. Only when 
the waveguide’s propagation constant satisfies: k0n1k0n2, we obtain discrete guided modes 
shown in Fig.1 (b). As for the thin film LN nanograting, the diffraction wave vector is determined 
by: 
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The incident angle is set to be =5, n is the order of diffraction wave vector, k0 is wave vector in 
free space.  
To illustrate further this physical phenomenon, we plot the dispersion relationship of waveguide 
modes (TE0, TE1, TE2) and grating evanescent order (0, +1, +2) together, as shown in Fig.1 (b). The 
longitudinal axis represents normalized frequency while the transverse axis is normalized 
wavevector (k=2pi/h). It is clear that two intersection points between the second evanescent 
order of LiNbO3 grating and TE1 mode of LiNbO3 waveguide, which are marked as blue circle at 
0.28 and red circle at 0.32. And it indicates that BICs will occur at these two points due to the 
interference between waveguide mode and grating mode.  
To further investigate the BICs by tuning parameters of LNGW structure, reflection spectra were 
carried out by FDTD simulation with perfect matched layer (PML) in x-direction and periodic 
boundary condition (PBC) in y-axis by commercial FDTD software. The oblique incident light is TE-
polarized with electric field parallel z axis in Cartesian coordinate. For the sake of simplicity, we 
assume that the LNGW optical system consists of two grating with periodicities 1 and 2. So, we 
can define the dissymmetric factor as follows: 
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Where n is the refractive index of air, k0 is the wavevector of free-space light and  is the angle of 
illuminating on the LiNbO3 nanograting. Equation (4) and (5) represent the arbitrary wavevector 
generated by the grating and wavevector satisfying mode-matched condition, respectively. To 
considering symmetry-protected bound state in the continuum, we define the dissymmetric factor 
by equation (6), varying from -1 to 1. As illustrated in Fig.1(c), two breaking points occur at a 
wavelength of 600 nm to 900 nm when the structure is symmetric. As the grating periodicity is 
slightly changed, ultra-narrow asymmetric line shape, e.g., fano resonance occur due to 
asymmetric coupling and interference of grating diffractive mode and waveguide discrete mode, 
e.g., the continuum state and discrete state in quantum mechanics. To further investigate the 
coupling process, we calculate the waveguide constant and grating diffractive wave vector together 
as a function of dissymmetric factor . As the results is shown in figure 2, the BICs will occur when 
the grating diffractive wave vector kx,m match with the waveguide propagating constant , meaning 
the phase difference is decreased to zero where the optical mode is locked in inside the waveguide 
without any radiation. When the dissymmetric factor is nonzero, the phase difference is no longer 
zero, leading to asymmetric ultra-sharp line shape. In this case, the quality is still very large, up to 
104 but optical energy will leak from the waveguide, the quasi bound states in the continuum, and 
it is very significant to enhance light-matter interaction in nonlinear optics or the observation of 
embedded striking physical phenomena.  
 
Fig.3. (a) Log-plot Quality factor along with the dissymmetric factor. The Q factor has a magnitude 
of 104 at ||=0.2 and diverges to infinity at BICs (=0, marked by red dashed line). (b) Local field 
distribution increases (|E/E0|) at ||=1, 0.8, 0.6 and 0.4. More clearly, the field is well confined 
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inside the LiNbO3 waveguide rather than the asymmetric gratings. 
The quality factor (Q factor) is defined as  
RfQ
FWHM
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 (7)   
Where fR is the resonant frequency and FWHM is the full width half max of the resonance intensity 
spectrum. The Q factor goes up to infinity as  extremely approaches to zero, e.g., BICs. This case 
means optical mode is completely confined inside LNWG structure without any energy leaky. Fig.2 
(b) shows the local field distribution at ||=1, 0.8, 0.6, 0.4, indicating that strong local field 
confinement will be realized when parameters of optical system is tuned extremely close to BICs, 
which is beneficial for light-matter interaction in nonlinear optics.    
III. Giant SH Response Assisted quasi-BICs 
 
Figure3. Characteristics of second harmonic wave generated by LNGW optical system at 
dissymmetric factor ||=0.2. (a) Normalized amplitude of SHG signal generated from LNGW (red 
line) and LN thin film (olive line), respectively. All the excitation intensity is 1.33 GW/cm2 with a 
wavelength of 690 nm. (b) Log-plot power dependence for the SHG signals of LNGW structure 
under the illumination from 0.002 mW to 0.22 mW with a fitting slope f 1.9994. The inset at right 
corner shows that SHG conversion efficiency increases as well as average pump power increases. 
When the peak intensity of pump light is 1.33 GW/cm2, corresponding to average power of 0.22 
mW, the SHG conversion efficiency reaches to 1.5310-5. (c) Normalized optical field distribution 
at fundamental wavelength of 690 nm and second harmonic wavelength of 345 nm with ||=0.2. 
(d) SHG conversion efficiency shows inseparable dependence with the dissymmetric factor . 
Clearly, SHG conversion efficiency (||=0.1, marked by red dashed circle) will greatly boost 
extremely close to BICs marked red dashed line.  
According to the previous work[21–23], strong local optical field confinement plays a crucial 
important role in giant nonlinear response in the field of micro and nano structures. Here, we 
investigate the second harmonic generation (SHG) of LNGW structure at dissymmetric factor =0.2 
with numerical simulation by means of FDTD solution. The SH signal is calculated by integrating the 
energy flux passing through the field-power monitor[24]. Based on the literatures[25–28], the 
maximum second-order susceptibility of lithium niobate is d3327pm/V. In the SHG simulations, 
the fundamental excitation power of the light source, the pulse duration and the repetition rate 
are selected as 0.001 mW to 0.22 mW, 200 fs, and 80 MHz, respectively. Figure3 shows the 
calculated SHG characteristics of LNGW structure. In fig.3 (a), the red and olive lines represent the 
calculated SHG signals of LNWG structure and LN thin film respectively under fundamental 
excitation wavelength of 690 nm (SHG signal345 nm) with the averaged intensity of 1.33 
GW/cm2, corresponding to an amplitude of 1108 V/m. Compared to undersigned thin film LN 
structure, our proposed structure demonstrate a SHG amplitude of 100 times larger, e.g., an 
intensity enhancement of 104 in magnitude. For practical application, it is very interesting to 
investigate the averaged power dependence of the SHG signal for our proposed structure, we plot 
the SHG power as a function of the average power of excited light from 0.002 mW to 0.22 mW 
corresponding a peak intensity varying from 0.12 to 1.33 GW/cm2, as shown in Fig.3 (b). Notably, 
the SHG power possesses a squared relationship with the increasing excited average pump power 
(in the left inset), showing a linear trend with a slope of 2 in the log plot. The results agree well 
with the equation[29,30] 
log( ) 2log( )SH FWavg avgP P (8) 
Here, 𝑃𝑎𝑣𝑔
𝑆𝐻  is the second harmonic output power, and 𝑃𝑎𝑣𝑔
𝐹𝑊 is the power of excited source. By 
dividing total SHG power by the FW power to define the conversion efficiency 
= SH FWavg avgP P (9) 
We calculated the value up to 1.5310-5 with the averaged excited power of 0.22mW and a peak 
intensity of 1.33GW/cm2 when the dissymmetric actor||=0.2 in the right inset of Fig.3 (b). 
However, we follow the figure of merit  Eq.10 to theoretically quantify the SHG process in this 
paper as follows: 
( )
2
= SH FWpeak peakP P (10) 
Here, 𝑃𝑝𝑒𝑎𝑘
𝑆𝐻  and 𝑃𝑝𝑒𝑎𝑘
𝐹𝑊  are the peak power at second harmonic and fundamental wavelength. 
This FOM is independent of the power of pump source, which provides a consistent and 
comparable parameter with other structure[31]. Thus, we calculate the FOM up to 9.1810-6 W-1 
at =0.2 with pump peak intensity of 1.33 GW/cm-2. From the linear and nonlinear local field 
distribution at =0.2, this result also proves that the excited intensity has not reached saturation 
yet when the dissymmetric factor is 0.2 (i.e., far from quasi BICs), the giant SHG signal of LNGW 
structure can be effectively excited when closely to BICs because optical energy locked inside 
nonlinear material will occur at these points, as shown in Fig.3 (d). To confirm this view, we 
calculate the SH conversion efficiency is up to 8.1310-5 in the case where dissymmetric factor 
||=0.1, which is 5 times higher that of the case ||=0.2 while the FOM reaches 1.0810-5 W-1. In 
table 1, it indicates that our proposed structure has a good performance in improving SH 
conversion efficiency. At this point, nonlinear wave conversion efficiency will be boosted up to a 
higher level when the dissymmetric factor  is extremely close to zero.  
Table1. Comparison of SHG conversion efficiency at bound state in the continuum 
Structure type 
Pump power/ peak 
intensity 
= SH FWP P  ( )
2
= SH FWP P (W
-1) 
Monolithic LiNbO3 
metasurface[26] 
1GW/cm2 510-5 ⎯ 
LiNbO3 nanodisk on Al 
substrate[32] 
5.31 GW/cm2 1.15310-5 7.6810-7 
LiNbO3 nanodisk on 
hyperbolic 
metamaterial[18] 
5.31GW/cm2 5.1410-5 1.2310-6 
LNGW structure (this 
work) 
0.22mW 
(1.33GW/cm2) 
8.1310-5 1.0810-5 
IV. Conclusion 
In conclusion, we introduced the breaking symmetry of grating and waveguide optical system to 
realize ultrahigh quality factor near BIC, leading to huge local field enhancement inside thin film 
LiNbO3. In this way, SH enhancement of 104 compared with undersigned LiNbO3 film and 
conversion efficiency up to 1.510-5 with pumping intensity of 1.33GW/cm2, is obtained when the 
optical system has a dissymmetric factor ||of 0.2. We further predict that a giant SH conversion 
efficiency exceeding 8.1310-5 will be demonstrated extremely close to BIC, e.g., the dissymmetric 
factor drift approach zero. Although our work is developed from theoretical and numerical 
simulations, our results provide one way for promoting the widespread applications of thin film  
lithium niobate in integrated nonlinear optics. 
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